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ON THE CONVERGENCE OF THE SERIES USED 
IN THE SUBJECT OF PERTURBATIONS. 


BY. DR. G. W. HILL. 


Tue perturbations of the planets and the coérdinates of the 
moon have been developed by astronomers in infinite series of 
terms involving sines or cosines of linear functions of two or 
more arguments with positive or negative integral multipliers. 
These arguments vary proportionally with the time, and their 
periods, in accordance with notions derived from the theory of 
probabilities, are supposed to be incommensurable with each 
other. Recently M. Poincaré has much insisted that, under 
the latter condition, these series, in the rigorous mathematical 
sense, are divergent (Les Méthodes Nouvelles de la Mécanique 
Céleste, Vol. II., pp. 277-280). However, the reasons brought 
forward to sustain this opinion are scarcely convincing, and 
I think there has been some scepticism among astronomers 
in reference to the matter. Without attempting to find any 
flaw in M. Poincaré’s logic, I simply wish to point out a class 
of cases where the convergency of the series can be shown in 
spite of the incommensurability of the component arguments. 

In many problems of dynamics, where the integral of con- 
servation of areas has place, we shall often have the longitude 
A of the moving point given by a quadrature. We choose as 
our example the equation 


ia. 
= cos (i +- 77’), (1) 


in which /= nt +c and l'!=n't+c', and is a positive con- 
stant less than unity. Here A corresponds to M. Poincaré’s 
log x (p. 279 of the above-quoted volume). Under the condi- 
tion named, the series of (1) is convergent. Now let both 
members of the equation be integrated; putting » for 7 Wwe 
have n 

1 


a+"! sin (i + 7), (2) 


n 


e being the added arbitrary constant, and the sign of summa- 
tion % having the same extension as that of the double sign in 
(1), except that the combination i=i'=0 is omitted. When 
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p is an irrational quantity, the summation of this equation 
constitutes a divergent series according to M. Poincaré. 
We prefer to write (2) in the more expanded form 


A=e+nt+ sin il + 1 sin 
nl 
2 sin il cos al 


— cos i sin iv} (3) 
iy? 
where the extent of the summation, in all cases, is from 1 
to +o. This will be the signification of the sign = hereafter. 
Before we proceed to consider the question of convergence 
in reference to (3), it may be of interest to point out that 
the series of (1) admits of summation. For, by arranging it 
according to cosines of multiples of /', we have 
1 =[1 + cosl + @cos21 + cos31 + ---] 
n 
+[1+2acosl + cos21+ cos31 + ---Jacosl’ 
+[1+2acosl + cos21 + 2.4 cos31 + ---]a? cos 21! 
=[1+ acosl + cos21+ ---] 
+[1+2acos!l + 2a cos21+ ---][a cos l'+ cos21'+ 
_1+a*—a(1 +’) (cos! + cosl’) + 2a cos!’ 
(1 —2a cos! + «)(1 — 2a cosl' + a’) 


Then A can be expressed by the following quadrature : 
A=e+nt+ 


n ¢* (1 — 


Our supply of functions in the integral calculus is inadequate 
to the expression of this quadrature in finite terms; but there 
is no bar to our finding the amount of motion of » between 
any two given times f, and ¢, by the process of mechanical 
quadratures. 

Quadratures may also be invoked to aid in the expres- 
sion of (3). For, by-putting 


X= + cos 21 + 1 


1 


as well as Q=ikX, 


— 
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(3) takes the form 


nt 4 
+ 2(P,a.cosl'+ cos 21'+ Pye cos 31'+ -+-) 
But it will be perceived that, putting 
a cosl — a? 


X;, satisfies the linear differential equation of the second order = 


PX. 4L=0. (7) 


By the integration of this, we have 
X, = cos (ipl) L sin (ipl) dl — sin (ipl) ‘Leos (ipl)dl. (8) 


The first summation of (6) may be obtained through the use of 
the well-known equation 
id =— 41 +aretan (9) 
1—«a 2 
We come now to the consideration of the question of con- 


vergence of the two double summations in (3). In these we 
may put 


sin i] = cos il = sin = cos i'l’ =1; 


the matter at issue is not thereby changed. Hence it suffices 
to determine the convergence or divergence of the two series 


— i? 2 


It is necessary now to specify the precise nature of the 
quantity ». As an example, we assume that » = V/h, h being 
a non-square integer. The divisor in the two series is then 
#—hi®. From the theory of indeterminate equations of the 
second degree, we learn that the least absolute value of this 
expression is unity; that is, we may write 


|# — > 1. 
Unity may therefore be substituted for this divisor in the 
summations just given without thereby modifying the ques- 


tion of their convergence, which is thus narrowed to the con- 
vergence or divergence of the single expression 
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But this series is convergent, being equivalent to the product 
[Sie] + 20+ 30+ ---[a+ a+ ---]. 
If we agree to take j terms of each factor of this as an approxi- 
mation, the error committed will be 


+2 


which may be made as small as we please by taking j suffi- 
ciently large. This expression is also a superior limit to the 
error committed in either of the double summations of (3) 
when the series is pushed to the same extent in reference to 
the varying integers # and 7’. 

As a more general example, including the former, we will 


take 
q q” 


where p, q, p', and q' are integers, and P is not an exact square. 


If we substitute this value of p? in the expression 7 — i"p”, and 
rationalize and render integral this denominator, multiplying 
it by the proper factor, we find that it becomes 
Now this expression, which is integral, cannot vanish, for this 
p' 


would make V?. rational; consequently, its absolute value is 


at least unity. We may then substitute unity for it in the 
summations we consider without affecting the question of their 
convergence. Thus, the latter is seen to depend on the con- 
vergence of 

and 


As these summations are quite plainly convergent, there is 
nothing further to be said. 

As a still greater generalization, let us suppose that » is an 
irrational root of an algebraic equation with rational coefficients. 
Then, in a similar way as before, 7? — iy” may be rationalized 
and rendered integral by multiplying by the proper factor. 
The absolute value of the thus modified denominator is at least 
unity. On consulting the form of the numerator, it is gathered 
that the convergence of our series depends on that of various 
summations whose general type is 


— 


1896] ON THE CONVERGENCE OF THE SERIES. 97 


where vand v’' are finite positive integers. The convergence is 
therefore established. 

When » is rational, we would simply transfer the terms 
which, in the integration, become proportional to ¢ to the term 
nt of (3). Then the remainder would constitute a periodic and 
convergent series. Thus, in all cases where p is a root of 
an algebraic equation with rational coefficients, (3) may be 
affirmed to be a convergent series. 

Our method of treatment cannot be applied in the case 
where yp is a root of a transcendental equation. But it may be 
remarked that the higher the degree of the equation which 
has » for a root, the larger become the exponents vy and v’. 
Thus, one is led to think that, when yp is a root of a tran- 
scendental equation, these exponents become infinite. Should 
this be correct, the summations, whose general type has just 
been given, become divergent. But we would not be war- 
ranted in concluding thence the divergence of (3). The 
whole question turns on the properties of the integral 


(1 — a’)? 1 lat 
[1—2acos(nt + ¢)+ —2acos(nt+c)+a@] 
It is possible that the ratio may have values which would 
n 


make this expression tend towards infinity as the limits of 
integration were removed farther from each other. But I am 
not aware that this has been proved. But it is something 


gained to have established that, when ” is an irrational root 


n 
of an algebraic equation with rational coefficients, the expression 
is always contained between finite limits, whatever may be the 
limits of integration. 

Our conclusions still hold when in (1) we substitute the gen- 
eral coefficient C,, for a‘*'', provided we have the condition 


| |Z 


« being positive and less than unity. Also, we might assume 
a different rate of decrement in the coefficients with augment- 
ing multiples of J! from that which belongs tol. Calling this 
a', for at"! we should have a‘a'*'!, and the course of reasoning 
would be scarcely changed by this modification. In case there 
are more than two elementary arguments, the mode of proceed- 
mn 
ing is quite similar. The ratios “, “~, “, ete., being irra- 
n n n 
tional roots of algebraical equations, the divisors introduced by 
integration must be rationalized and rendered integral by mul- 
tiplying both terms of the fraction by the proper factor. The 
convergence of the series is made out as before. 
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ON THE LOCUS OF THE FOCI OF CONICS HAVING 
DOUBLE CONTACT WITH TWO FIXED CONICS. 


BY R. A. ROBERTS. 


Tue system of conics having double contact with two conics 
includes as special cases the two systems of conics passing 
through four fixed points and touching four fixed lines, re- 
spectively. These latter result from making the fixed conics 
break up into factors, in the first case, in the tangential sense, 
and in the second case directly. Thus the general case includes 
and combines together into one whole the properties of the 
two special cases. Now I propose to consider the locus of the 
foci of the general system. This must include as special cases 
the known loci in the case of conics through four fixed points 
and touching four fixed lines. The first is a curve of the sixth 
order, which, when the points are concyclic, as has been shown 
by Professor Sylvester, breaks up into’ the two circular cubics 
having the points for foci, andthe second is a circular cubic 
having its double focus on itself and passing through all the 
intersections of the four lines. 

Now foci, being the intersections of tangents drawn to the 
eurve from the imaginary points at infinity, are most easily 
treated by tangential coérdinates, which I consequently use, 
the equations being precisely the same as the direct ones; viz. 
as given by Salmon, a conic having double contact with S, S' 
is, if S—kS'= EF, 


PE*—206(S +kS') + F?=0. 
But this being now a tangential equation, we may put 
E=dy,+ pnt, 
S+kS'= AX’ + By? + CP + 2 Fw’? +2GA+2 Arg, 


where z, y are rectangular Cartesian codrdinates. Now the 
foci are the points of intersection of the tangents drawn parallel 
tox+iy. Hence for the foci we may put y= 2+ iy, A=—1, 
p= Fi; we thus get 

(u — a)? —2 CO(u —c) (u—d) + (u—b)? =0, 


(1) 


where u= iy, v= 2x—iy, and a, b, c, d are values of for 
certain points, E, F, and two others, the corresponding values 
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of v being a’, b', c', d'. Hence, by elimination of 6, the locus 
is found to be, in general, a curve of the sixth degree, which 
may be written 
4 §(u—a)*(u—b)? — 6)? (u— 
x {(v— a"? — — (wv — a} 
(v—e) (v— a}, 


or (u— BY} 
x f(u—e)(u—d)(v—a'P — — a)*} 
= f{(u—a)?(v — bd’)? — (u— (v 


From the latter equation it is manifest that the locus is of 
the sixth degree, as in each of the factors the coefficient of 
u’v? is seen to vanish; and, moreover, that the circular points 
at infinity, as well as the points EZ, F, are double points on 
the curve. From the same equation it is easy to see that 


(u—ay?_(u—b) (u—c)(u—d) 


must also give double points, and indeed it is evident that the 
values of u, v which make the quadratics in @ identical must 
lead to such points. 

Hence to find these nodes, we may write 


(u—c)(u—d) = k(v—c) (v—d). 
Thus if 1, m, n are any numbers, 

l(u — a)? ++ m(u— +n(u—c)(u—d) 

(v—a)}, 
so that by properly selecting /, m, n, we obtain 

Pu+ Q=kC,, 
C,=k(Pv+ Q), 

whence (Pu + Q) (Pv + = 
which represents a circle. But we also have 


(u — a? =0, 


= 
= 
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which breaks up into the line joining EZ, F, and the circle 
described on EF as diameter. One voint on EF is irrelevant, 
so that three nodes are obtained in this way. 

Now proceeding to the first form of the equation of the locus, 
we see that the lines 


(u — a)? (u — b)? — C?(u—c)* (u—d)? =0, 
— 


are bitangents of the locus; that is, according to the definition 
of a focus, the intersections of the first four lines with the 
second four determine the foci of the curve, and, further, these 
points are not merely ordinary foci, but double foci of a certain 
kind. Now it is easily seen that 


(u —a)(u—b) + C(u—c)(u—d)=0, 
(v—a')(v—b') + Cw—c)(v—d) =9, 


are precisely the equations which determine the foci of the 
given conics S, S’. 

Hence the foci of the two fixed conics are double foci of 
the locus. But there are also other foci, which are of the 
ordinary kind, as we can see by the following considerations : 
the locus has seven double points; therefore by the formula 


m= n(n —1)— 28; 


taking n = 6, 8=7, we see that the class of the locus is 16, so 
that 12 tangents can be drawn to the curve from the double 
point Z. But the four lines to the double foci are bitangents, 
and count as eight ordinary tangents. Thus, four ordinary 
tangents can be drawn to the curve from J, and these give rise 
to four ordinary foci. 

To find the points at infinity on the curve, we make wu or v 
infinite in (1), and we thus get 


—2064+1=0. 


This determines the two curves of the system which touch the 
line at infinity, or, in other words, are parabolas, as ought evi- 
dently to be the case from geometrical considerations. Hence 
if these two parabolas are real, the locus has two real asymp- 
totes. 

Since there are three values of k for which S — kS' breaks 
up into factors, there are, as shown in Salmon’s Conics, three 
systems of conics having double contact with S, and the deter- 
mination of the locus of the foci is precisely the same in each 
case; that is, the entire locus of the foci consists, in general, 
of three sextic curves. 


—= 
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We now consider some cases in which the locus reduces to 
one of lower degree. 
Solving the equations (1), we get 


C(e+d0+b+VO, 
 —2C0+1 


@—2C0+1 @) 


where @, = 0{2C(a — c)(a— + 2C(b—c)(b—d) 
+[(a — b)* — C%(c — 
@, = 0{2 C(a'— c')(a'— + 2 C(b' — c’)(b' — d’) 
+[(a'— 


From these expressions it is evident that the locus will sim- 
plify if ©, and @, are proportional to each other. Now if we 
consider the geometrical meaning of @,= 0, it is easy to see 
that the quadratic factor gives the two conics of the system 
which may be described to pass through the point J Simi- 
larly, @,=0 gives the two conics through J. Hence if the 
two quadratic factors are proportional, two conics of the sys- 
tem pass through J, J, or, in other words, are circles. Now 
this condition will evidently be satisfied if the two fixed conics 
have a principal axis incommon. Thus, there are two circles 
belonging to the system 


+ h)? +(e + ky)’ — 2 + by? + 292+ c)=0, 
which are evidently determined by 


It is evident that the locus must be divisible by the equa- 
tion of the principal axis, or rather its square, the remaining 
factor giving the locus of the foci lying on the other principal 
axis; namely, the axis major for real foci. 

Taking, then, the fixed principal axis as the axis of y in the 
equations (2), we have a' =a, b'= b, c'=c, d'=d, and since 


u—v=2y, 


_ + C(c+dO+b 


I~ 20041’ 
+B 


whence, also, F—200+1 
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Thus eliminating 6, we get a result of the form 
+ 


which represents a bicircular quartic of which y = 0 is an axis 
of symmetry. A particular case that may be considered as 
meriting special consideration is when the two fixed conics 
are confocal, and the enveloping conics are concentric with 
them. Ifa line Ax + py + v= 0 touches 


we have a? + by? — 0, 
and for the second conic, say, a”A? + b"y? = v’*, where 
a —a® =? —b®=h’. 
Then the concentric system of enveloping conics may be written 
h? cos 6 (A? — p?) + 2h? sin = (a? + a”) d? + (8? + p? — 
Hence for the foci, putting A=1, p = i, v= —(a + iy), we get 
2ay+h?sind=0; 
thus the locus is the Cassinian oval 


This equation, of course, also denotes that the product of the 
distances of a focus of the variable conic from the two fixed 
foci is constant. 

There is also another case in which two conics of the system 
are circles. Consider the system 


OP? 4+ Y—O(S+kS)=0; 


then if P, Q are right angles to each other, and parallel to the 
axes of S + kS', there are two circles of the system; for, put- 
ting P=2, Q=y, and 


S + kS'= az’? + by + 294+ 2fy+e, 
two circles are evidently given by the roots of the equation 
—1—6(a—b)=0. 
The two fixed conics being in this case 


ax? + by’ + 2ay + 29x +2fy+c=0, 


= 
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two chords of intersection, x, y, are rectangular, and, further, 
the eccentricities of both are equal, as the asymptotes, real or 
imaginary, contain equal angles. 

Now the principal axes of 


Pa? + — + by’ + 292+ 2fy+c)=0 
are evidently obtained by differentiating with regard to x and 


y; are 
(6—a)x—6g=0, 


(1 — 6b)y—f=9, 


and according as we use one or other of these equations we 
must obtain different loci. Hence as the complete locus is a 
circular curve of the sixth degree, the separate loci must be 
circular cubics, as could also be demonstrated from (2), when 
@,, @, are supposed to be proportional. 

Now let us consider the case in which one of the fixed conics 
is a circle. 

One of the equations (1) which determine the foci of the 
locus may be written 


{0(u— a) +u—b}?=20f(u—a)(u—b) + C(u—o) (u—d)}, 


the factors on the right side giving the foci of one of the fixed 
conics. Hence, if the latter is a circle, the factor must be a 
perfect square; that is, we may put 


(u — a)(u—b) + C(u—e)(u—d) = 2m? (u —e)*. 
Thus, if 6=#*, we have 
?(u—a)+u—b+2mt(u—e)=0, 
and similarly 
Pw—a')+v—b'+ 2mt(v—e') =0, 
+b +2 met 
fO+1+2mt’ 
2 me 
mt 
If we take the same signs of ¢ in wu and v, we evidently get 
a conic; and the foci of this conic are easily seen to coincide 


with the foci of the fixed conic. But if we take different signs 
of t, viz. if we write 


whence 


— +b+2 met 
+1+2mt 

_ at? + b'—2 met 


= 
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we obtain a unicursal bicircular quartic which has also the 
foci of the fixed conic as foci. 

A direct method of considering the locus in this case may 
be worth considering. Let the tangential equation of the 


circle be 
(aA + Bu + yw)? — + =0, 
or G?— r°Q=0, then we may take 
(OE + F)?—40(G’— 70) =0 


as the tangential equation of the system of conics. Now we 
find the foci of a conic by combining its equation with the 
equation of the circular points, viz. Q=0, so as to obtain an 
equation which breaks up into factors, these factors giving the 
foci. But putting 2 = 0, we get 


(OE + =0, 
which breaks up into the factors 
6E+F+26V6=0. (3) 


If these are real, they give the real foci, and the envelope 
with regard to @ gives the locus of the foci in tangential co- 
ordinates. Thus the locus is G? = EF, a conic passing through 
E, F, G being the intersection of the tangents at these points. 
Now G’*—7r0Q = EF is the fixed base conic, and G?— EF=0 
is confocal with this, so that the locus is a conic confocal with 
the base conic, as we have seen already. But further, this 
conic is now shown to pass through the points EZ, F. Thus 
for the three systems of variable conics the locus consists of 
three conics confocal with the given conic and passing, re- 
spectively, through a pair of the intersections of the common 
tangents of the given conic and circle. 

It may be observed that Chasles originally demonstrated the 
theorem that the intersections of the common tangents of a 
conic and a circle lie by pairs on conics confocal with the 
given conic. 

This method only gives the locus of the foci when (3) repre- 
sents real foci. If these factors give imaginary foci, then the 
locus of the real foci consists of nodal bicircular quartics, as 
has been shown already. 

If the two conics are circles, then by the preceding results 
we can easily deduce the locus of the foci. We thus find that 
if a conic has double contact with two fixed circles, S, S', the 
locus of the foci consists of a pair of circles concentric with 
S, another pair concentric with S', a circle coaxial with S, 8’, 
and the line joining the centres of S, 8’. 
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These results may be easily proved directly. 


Let =+0-1=0 


be the conic referred to its axes, and let 
+ (y— By’ =p’, 
be circles having double contact with the conic. Then it can 
be easily shown that 
where = a? — B’. 


Now if we take two circles of the first system, the foci sim- 
ply lie on the line joining their centres; but if the circles are 


2 2 
both of the second system, we have 


2 


where PR is the distance of a focus from the centre of one of the 
i 


circles; also, p? = for another circle. Hence 
Pp 


which may be written 
R?—p? (R°—p") 
= 90, 


p 
showing that the locus is a circle coaxial with the two given 
circles. 
If the two circles are of different systems from 


# 

if d is the distance between the centres of the circles. Hence, 
e being the eccentricity, we have 


we get 


= — é 
1-—é 

so that e? is determined by a quadratic equation. Now we 

have R? = e’p’, which, for the two values of e’, gives two circles 

concentric with that one of the fixed circles which has its 

chord of contact parallel to the focal axis. Thus, for the two 
fixed circles, two pairs of circles constitute the locus. 

Another case in which a reduction of degree occurs is when 

the two fixed conics are concentric, and the enveloping system 
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has also the same centre. If we take the points EZ, F at 
infinity in the tangential equation 
+ F? —20(Ad’ + By? +2 + CY)=0, 
where the origin is at the fixed centre, we may write 
E=l+mp, 
so that EZ, F are the points at infinity on the sides of a paral- 


lelogram circumscribed about both the fixed conics. The foci 
are then determined by 


+ im)’?+(l'+ 26(A B+ + Cu) =0, 

(l — im)’+(l'— im')?— 20(A — B— + Cv’)=0, 
from which we obtain a result of the form 
a(a*— + b(2ay — + c2ay — =a. 
If, further, the fixed conics are both inscribed in a rectangle, 


taking the axes parallel to the sides of the rectangle, we may 
write = F = p, so that the system becomes 


Pr? + p? —26( Ad? + Bu? + + 2 HAp)=0, 
and the locus reduces to the equilateral hyperbola 


Another method of arriving at the particular conditions sub- 
ject to which the general sextic locus breaks up into two 
circular cubies may be indicated here. 

Let the general system be written 


+ + (A+ You + v)? 
— 0( AN + By? + Cr +2 Fuv+ 2 2 =0 


in tangential coérdinates, and suppose that one conic of the sys- 
tem is a circle. This evidently subjects the two given conics to 
a single condition. Then if the corresponding value of @ is k, 
and if we put zA+yy+v=E£, cA+yp+v=F, we must have 


+7 (Ad? + ete.) = (IA + mp + nv)? + p(r? + p’); 


for the equation on the right-hand side is the general tangential 


equation of a circle. Hence if JA + mp + nv = G, which repre- 
sents the centre of the circle, we get 


AX + ete. = kE* +7 G*— p(t +p’). 
Thus the system written above becomes 


Cry + H=0. 
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Now two conics whose tangential equations differ by A? + p? 
(the tangential equation of J, J) are confocal. Hence the 
conic just written has the same foci as 


But the envelope of the latter conic is 
(PE + —4PE’F?=0, 
which breaks up into the four factors 
kE+F+ GvVk=0. 


Thus the envelope consists of four points forming a quad- 
trilateral of which the points EH, F, G are the intersections of 
opposite sides and diagonals. Hence we have arrived at the 
following result: If two conics U, V are such that a circle can 
be described to have double contact with both of them, then 
the foci of a system of conics having double contact with U, V 
coincide with the foci of a conic passing through four fixed 
points. Of course it immediately follows from this that the 
locus in the one case is the same as that in the other. Now 
if p1, po ps, ps are the distances of a point from the four fixed 
points and /, m,n, p are the areas of the triangles formed by 
the latter, Sylvester showed that the locus is 


Ip, + + Mp; + pp, = 0, 


a curve of the sixth order, which agrees with what we have 
shown in this article. But, furthermore, he demonstrated that 
if the four points are concyclic, this locus breaks up into two 
circular cubics, of which the four points are foci. And this 
case would appear to correspond to that in which we have 
shown a similar breaking up to take place, viz. when two 
circles can be described to have double contact with the two 
fixed conics. 

Another case of a similar kind may be added. Suppose the 
two fixed conics to have a focus in common, then if «, B, y are 
the perpendiculars from the three foci on a line, we may write, 
in tangential codrdinates, 


a 


where 2(=1) is the tangential equation of J, J. We have, 
then, for one of the systems of enveloping conics, 


EF= 


and Gat — -20)+(f- =0. 


—Q, 
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But this conic is confocal with 
2 
Po? — + =0, 
which may be written 


which represents a conic passing through a, B, y, and touching 
a given tangent at the first of these points. Now this is a 
particular case of the system of conics passing through four 
fixed points; viz. it is obtained by supposing two of the points 
to coincide and determine a definite direction. Thus the locus 
is reduced to a particular case of Sylvester’s result. Hence, 
also, it will follow that if the tangent 


a=0, 
is the tangent to the circumscribing circle of a, B, y at a, then 
the locus breaks up into the two circular cubics of which « is 
the node and 8, y the foci. 

In the ease of spherical conics there are somewhat similar 
results, but they are less simple and interesting, as necessarily 
follows from the fact that a spherical conic has, in addition to 
the two real foci, two pairs of imaginary ones; that is, not 
counting opposite points as different foci. This is in conse- 
quence of the points J, J being replaced by the imaginary 
circle at infinity. Properties, however, which do not depend 
upon the absolute breaking up into factors remain the same. 
Thus if a system of sphero-conics be described to have double 
contact with a fixed sphero-conic U and a fixed circle V, a pair 
of their foci (not necessarily real) will lie on a sphero-conic 
confocal with U and passing through a pair of the intersections 
of the common tangent ares of U and V. 

Again suppose we consider a system of sphero-conics having 
double contact with two sphero-conics which both have double 
contact with another conic =. Writing the two conics 


in tangential coérdinates, so that P, Q are intersections of 
common tangents, the system may be written 
cos?@ 
for the envelope of this with regard to 6 breaks up into the 


factors > =(P + Q)*. Now suppose, as we have already done 
for a particular case in plano, that = is a circle; then 
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where R is the centre, and 2 is the imaginary circle at infinity. 
Thus the system becomes 


costo 
that is, a conic confocal with 
= 


Thus the locus of the foci of the system coincides with the 
similar locus for a system of sphero-conics passing through 
four fixed points. The latter lies on a cone of the sixth 
degree, but when the four points are concyclic, does not break 
up into factors, as takes place in the plane case. This locus 
can easily be found as follows: let p,, px ps py be the arcual 
distances of any arbitrary point of the sphere from four fixed 
points of the surface, then we can evidently determine /, m, 
n, p so that the relation 


1 cos p; + ™ COS pz + 7 COS pz + p COS py = O 
is identically true. This is, in fact, the determinant relation 
cos Py cos P29 cos P39 cos Ps 


Now let one focus satisfy this equation; then since the sum 
of the distances of a point of the curve from the foci is con- 
stant = 2«, say, the other focus must satisfy 


cos (2a — p;) + mcos (2a — + ncos (Za — ps) 

+ peos(2a— p,) =9, 
or cos2a(l cos p; + m COS + COS ps + COS py) 

+sin 2 (I sin p, + m sin p, + n sin p; + p sin ps) = 9, 
which in consequence of the identity reduces to 

Lsin + m sin p. + Sin ps + p Sin p,= 9. 
This, if cleared of radicals, would at first sight lead to a cone 
of the eighth degree, but it is easily seen to be divisible by 
y’+ 2°; for, putting 

sin pp + 2 + yy + ete., 


and then z*=0, we get the identical relation. 
If the four points are concyclic, we can easily find the 


Ys) 
205 23) 
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resulting relation; for, putting p; = p, for the centre 
of the circle in the identity, we get 


but combine this as we may with 
>I cos p — i} SI sin p = 0, 


it does not seem possible to demonstrate that the locus breaks 
up into factors. 

With respect to the actual geometrical forms of the locus in 
the preceding cases, it would obviously be a work of great 
length and detail to enumerate and classify them in order. 
Besides considering the base conics with regard to their being 
elliptic or hyperbolic, and with regard to the reality or other- 
wise of their intersections, it would also be of primary impor- 
tance to determine whether special forms of conics of the 
system existed, and whether they were real or imaginary. 
Thus if a parabola of the system is real, the locus has in 
general two real asymptotes, and if there is no real parabola, 
the locus has no real part at infinity. Similarly, if a circle 
belong to the system, its centre will give rise to a node on the 
locus, and, moreover, one at which the tangents are at right 
angles, as we see by considering the imaginary foci as well as 
the real. Further, in all cases the two pairs of common tan- 
gents of the base conics, into which two conics of the system 
break up for special values of the parameter, give rise to two 
nodes. The tangents at the latter are evidently the bisectors 
of the angle between the common tangents, and, if real, are 
the limiting states of the axes of hyperbolas. 

It is to be observed that the locus, or part of the locus, may 
have no direct geometrical signification; that is, points may 
satisfy the equation of the locus without being foci of any 
real conic; for instance, the conic 


at 
which is entirely imaginary, envelopes the two real conics 


@ 


and has two real foci situated at =a? — b’, where 
a>b. It seems thus that there may be a real locus for an 
entirely imaginary system of conics. 
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NOTE ON THE COMMON TANGENTS OF TWO 
SIMILAR CYCLOIDAL CURVES. 


BY PROFESSOR F. MORLEY. 


In the Educational Times for November, 1895, appears a 
problem by Professor Aiyar,* from which it appears that 
from among the common tangents of two similar cycloids 
(not merely right cycloids, but epi- and hypocycloids) we can 
so select n (where n is the class of the curves) that three of 
them determine the rest; and that these n common lines touch 
a conic. This implies that all the common tan, gents, — say 
there are yn of them, where » is to be found, — break up into 
p sets of n, and determine » conics. The fact of the common 
tangents separating into sets is interesting and, I think, new; 
and I propose to determine the configuration formed by the p 
conics, using a method explained in the American Journal 
(vols. 15 and 16), which avoids difficulties which we should 
meet if we worked solely with the well-known line-equation 
of the curve; namely, 

= cos mo. 


Working with the hypocycloid, we write its equation 
(p — = pt*— (1) 


where p, g are positive integers with no common factor, and 
p>gy. Here tis a complex number of absolute value 1, say a 
“turn”; and x is therefore complex. The real constant ¢ is 
the radius of the vertex circle; and t=1 gives a vertex. The 
equation, in fact, maps the unit circle |¢|=1 into the hypo- 
cycloid. The equation conjugate to (1) is 


(p — Qy/c = pt* — qt’, 


and this and (1) are parametric equations of the curve. 
The tangent at the point t of the curve is 


att + gt? =c(1+ (2) 


* Professor Ramaswami Atyar, M.A.—A variable epi- or hy 
cycloid X similar to a given one touches three given straight lines contin- 
uously. Show that (1) the locus of the centre of X is a straight line ; 
(2) X also touches (n — 3) other fixed lines where n is the class of 
the curve; (3) all these n lines are tangents to a conic; and (4) the 
envelope of the vertex-circle of X is the same conic. [In particular, if a 
cycloid extended both ways touches three given straight lines continu- 
ously, it touches an infinite number of other lines, all of which are tan- 
gents to a parabola; the envelope of the vertex-line of the cycloid is the 
same parabola. ] 


= 
= 
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This is the line-equation of the curve, and is its own conjugate. 
To introduce homogeneous line-coérdinates, we can write for 
any line 


xé + yn = 


then if 8, » are the distance from the origin to that line, and 
the inclination of that distance to the line of zero-direction, 


€:9:€ = exp — iw: exp + iw: 28, (3) 
for the equation of the line is 
X cos + Ysin w= 6, 
where X+iY=2, X-—iY=y; 
i.e. 2(COS — isin w)+ y(cos w + isin w)= 26. 
We have, then, for our curve 
+e), (4) 


from which we can find a homogeneous line-equation if we 
want one. 

We have supposed the curve conveniently placed, but we 
have to handle two such curves. We observe, then, that the 
most general form is obtained by writing +(#— y) for x, where 
v is a turn and y is the new centre. Thus we may take two 
similar hypocycloids as given by the line-equations 


rat! + y?/r = c(1 + 


where the zero of direction is the line of centres from 0 to y, r 
and +r, are turns which bring the curves to where they are from 
the positions in which vertices lie on the zero of direction, ¢ 
and ¢, are the vertex-radii. 
To obtain common tangents, we identify these equations, 

and have 

e(1 + k 

? 


wt? Cy (1 + + + t,?/7;) 


suppose, where & is a turn. 
Hence, eliminating ¢,, we have 


ke, (1 + t?**/k*) + y (rt? + = + 
that is, (c — ¢,/k) t?**# + ¢ — ok = y (rt? + t?/r) (5) 
where = (6) 


— 
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We have, then, p —q values of k, and for each value p+q 
points of the first curve, the tangents at which touch the 
second curve. Thus the number of common tangents of the 
hypocycloids is — g’. 

But for the epicycloid we have to change the sign of q 
throughout. We shall have, then, by the same analysis, p + q 
values of k, but (5) is still of degree p+ q; so that the number 
of common tangents of two similar epicycloids is (p + q)’, the 
full number for curves of class p+gq. This distinction being 
borne in mind, the rest of the work applies as well to the epi- 
cycloid as to the hypocycloid for which it is stated. 

The equation (5), which determines a set T,,, of p + q points, 
contains three constants, ¢,, y, k, depending on the arbitrary 
second curve. Therefore three of the points, and not fewer, 
determine the others. If the roots are not all of the form 
exp 10, this merely means that some of the p+q points are 
imaginary points of the curve. 

We now find the conic which, as Professor Aiyar states, 
touches the tangents at T,,,; and we shall work with the 
homogeneous line-coérdinates defined as in (3). We have, 


namely, 


or, if 
é — ch, el, — 


at! cc,(k —1/k) 
therefore, 


Ce? (k — = y (kl — (ch, — /k) 
= (k + 1/k) — (7) 


In terms of 6, 8,, the distances from the centre to a tangent, 
this is, from (3), 


Cc? sin? a = + — 2 cc,88, cos a (8) 
where k= exp ia. 
Written in the form 
(c8, — ¢,8 cos a)? = sin? a (c? — 3), (9) 


the equation shows that the conic given by (7) or (8) has double 
contact with the vertex-circle = c; and similarly it has double 
contact with the second vertex-circle §, = ¢. 

There are, of course, p—gq conics, which arise from the 
p—q values of k given by (6). To determine how they lie, 
we will first find the real foci. It is a convenient general 
principle that when a curve is expressed (as in (8)) by means 
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of the distances 4,, 6,, --- of a tangent from fixed points a, a,,---, 
the real foci are the roots of the equation found by writing, in 
the highest terms of the line-equation, f— a, for 3, f— a, for 
8, etc. Applying this to (8), we have for the real foci the | 
quadratic 

+ &(f— 2ceaf(f— y) cosa =0, 


where f is a stroke from the centre of the first cycloid. Hence 
the two foci are given by 


y)=cosa+isina 


=k or 1/k; (10) 
i.e. they are Ji a ee (11) 
The inverses of the foci f as to the circle (c) are 
@—ce/k 
g=e/f= (12) 


and therefore form a regular (p— q)-ad (vertices of a regu- 

lar polygon) in a circle whose centre is c*/y, and radius is cc,/y. 

Therefore the foci f themselves form a periodic (p — g)-ad, 

or “harmonic polygon,” whose Hessian points or centres of 

inversion are the centres of the curves. 
A point g lies both on the directrix, corresponding to f, of 

the conic whose focus is f, and on the chord of contact of that 

conic with the vertex-circle (c). For the directrix is at a dis- 

tance a/e from the line of centres, where 2a is the focal axis, 

e the eccentricity ; now from (8), when § = 6, = a, we have 


Cc; sin? 


C= 
e+ cc, cosa 


and from (10), 


iecyy Sin a 
iea = (f—fS) C+ cosa’ 


therefore, a/e= cc, sina/y, 


and this is the ordinate of g. 
And again, to locate the chord of contact, we have, from (9), 
the equation of its pole, 


cos a = 
whence the pole is 


cy/(c cosa), 

and its inverse as to (c) is 
(c? — cc, cos a) /y, 
which is the abscissa of g. 


= 
= 
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The inverse g, of a focus f as to the second vertex-circle (c,) is 
similarly a point on a circle with centre c,—¢,?/y and radius 
cc,/y; but observe that the angle a, made by that radius of 
this circle which ends at g, with the line from y to 0 is the 
opposite of the angle « which was the corresponding angle for 
g, made by the radius from ¢’/y to g with the line from 0 to y. 
For a was determined by the equation (6): 


(exp ia)?-*= (r/7,)?*#; 
a, is determined similarly by the equation 


(exp ia,)-*= (— 
whence for each a there is an «, such that 
a + a= 0. 


These points g, then, appear the proper basis for viewing the 
system of conics, which can be constructed as follows: We start 
with the two vertex-circles of radii ¢, ¢,, and with centres 0, y. 
We take the inverse of each centre as to the other circle, and 
with these inverse points as centres, we describe equal circles 
of radius cc,/y. These are coaxial with the given circles (as 
will be shown), and are, being equal, equidistant from the 
radical axis #. In the circle whose centre is c’/y, we place 
any regular (p—q)-ad of points g; and we reflect this in 
R so as to get a regular (p —q)-ad of points g, in the other 
equal circle. Taking any pair of points g, g,, let the lines 0g, 
yg, meet at f. The conic whose focus is f, whose directrix is 
99, and whose centre is on the line of centres Oy, is one of the 
system. The p—g pairs of points g, g, give by the same con- 
struction the p—gq conics. 

It remains to prove the elementary fact that the equal circles 
are coaxial with the given ones (c) and (c¢,). The foci of all 
conics which are bitangent with two circles, when they are 
conjugate as to the line of centres, lie on the circle of simili- 
tude of (c) and (c,). This was remarked by Roberts (Examples 
on Conics, p. 86), and, in fact, appears from (10), for from (10) 


(Ff — y)| = 


that is, the circles (c) and (c,) appear of the same size from all 
points f. Now we know that the circle of similitude is coaxial 
with (c) and (c,); that is, it passes through their real or 
imaginary intersections. Naturally, then, its inverse as to 
either circle (c) or (¢,) will pass through the same intersections. 
That is, the fact is evident for real intersections; but an 
algebraic proof would apply as much to imaginary as to real 
intersections. 
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The conic (7) depends solely on k; that is, on r/r,; that is, 
on the relative orientation of the two curves; but 7, and there- 
fore the actual orientation of the first curve, disappeared in 
finding the conic. Hence if we now let the two curves rotate 
about their centres with equal angular velocities, the envelope 
of their common tangents is the entire system of conics. 


HavERFORD, Pa. 


NOTES. 


THe Annual Meeting of the American MATHEMATICAL 
Society was held in New York on Friday afternoon, Decem- 
ber 27, at three o’clock, the President, Dr. H111, in the chair. 
There were twenty-five members present. On the recommen- 
dation of the Council, the following persons, nominated at the 
preceding meeting, were elected to membership: Mr. Juxius L. 
NeEvuFE.pD, Central High School, Philadelphia, Pa.; Mr. Wen- 
DELL MELVILLE StroneG, Yale University, New Haven, Conn. 
Reports were presented by the Secretary and Treasurer. The 
Secretary stated that the membership of the Society was 267. 
The average attendance at the ordinary meetings during the 
year had been 15, the attendance at the last annual meeting 
17, and that at the summer meeting 26. The number of mem- 
bers who had attended at least one meeting during the year 
was 61. Professor Cole, Dr. Chittenden, and Professor Ladue 
were appointed an auditing committee to examine the Treas- 
urer’s accounts. 

The chair appointed Mr. Legras and Mr. Lambert tellers 
for the annual election. Upon examining the ballots cast in 
person and by mail, they announced that the following ticket 
had been elected: 


President : Dr. Georce W. Hitt. 
Vice-President: Professor Husert A. NEewrTon. 
Secretary: Professor Frank N. Cote. 
Treasurer : Professor R. S. Woopwarp. 
Librarian: Professor Pomeroy LADUE. 


Committee of Publication : 
Professor Toomas S. Fiske. 
Professor ALEXANDER ZIWET. 
Professor FRANK MoRr.LeEy. 


Three Members of the Council to serve until December, 1898 : 
Professor E. W. Hype. 

Professor W. WooLsEy JOHNSON. 
Professor B. O. PErRceE. 
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After the election, Dr. Hixxu delivered the presidential 
address. It was entitled: 

“Remarks on the progress of celestial mechanics since the 
middle of the century.” 

The following paper was read also: 

Professor James McMaunon: “Note on the separation of 
the velocity potential (expressed by functions of Laplace and 
Bessel) into two parts, representing an outward and an inward 
moving wave.” 


Tue annual meeting of the London Mathematical Society 
was held on November 14. The following officers were 
elected: President, Major P. A. Macmahon; Vice-Presidents, 
Professor M. J. M. Hill, Mr. M. Jenkins, Mr. A. B. Kempe; 
Treasurer, Dr. J. Larmor; Secretaries, Mr. R. Tucker, Mr. 
A. E. H. Love; Other members of the Council, Mr. H. F. 
Baker, Mr. G. H. Bryan, Lieut.-Col. A. J. Cunningham, Pro- 
fessor E. B. Elliott, Dr. J. W. L. Glaisher, Professor A. G. 
Greenhill, Dr. E. W. Hobson, Professor W. H. Hudson, Mr. 
F. S. Macaulay. According to Nature, Mr. Jenkins, who 
retires on grounds of health from the office of Secretary, 
has served the Society in that capacity for thirty years, he 
and the late Professor de Morgan having been elected joint 
Secretaries at the annual meeting held January 15, 1866. 


Tue following courses in higher mathematics will be deliv- 
ered in Cambridge (Eng.) during the Lent term, 1896. In 
pure mathematics: Professor Forsyth, Abel’s theorem and 
Abelian functions, Calculus of variations; Dr. Glaisher, Ellip- 
tic functions; Mr. Baker, Theory of functions (automorphic 
functions); Mr. Bennett, Ruled surfaces, congruences and 
complexes; Mr. Pendlebury, Theory of numbers. In applied 
mathematics: Professor Stokes, Physical optics; Professor 
J. J. Thomson, Electricity and magnetism; Professor Sir 
R. S. Ball, Planetary theory; Dr. Hobson, Higher dynamics; 
Mr. Larmor, Electro-dynamics and electro-optics; Mr. Her- 
man, Hydrodynamics; Mr. Glazebrook, Sound. 


Art the Anniversary Meeting of the Royal Society of Lon- 
don, held Saturday, November 30, 1895, the Copley medal 
was conferred on Professor Karl Weierstrass in recognition 
of his epoch-making contributions to mathematics. 


Ir appears from the “Compte rendu du bureau local du 
Comite 1893-1895” (comp. BULLETIN OF THE 
New York Martuematicat Society, vol. 2, p. 193, and vol. 
3, p. 201), that the total sum collected by the Lobachevsky 
Committee of the University of Kazan, up to the 13th of 
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May, 1895, amounts to about 24,500 fres., of which 85% 
was contributed by Russia (32% by Kazan) and 2% by 
the United States. The main portion of this sum has been 
used to establish an international mathematical prize of 500 
rubles (about $270), to be awarded every three years by the 
Physico-Mathematical Society of Kazan. The first award will 
take place November 3, 1897. No special problems will be 
set, the prize being given for the most valuable work on 
geometry, especially non-Euclidean, published in the course 
of the six preceding years, and sent to the Society at least 
one year before the date set for awarding the prize. 

A smaller portion of the sum collected will be used to con- 
tribute to the erection of two busts of Lobachevsky, one in 
the precincts of the University, the other in a public square of 
the city of Kazan. The unveiling of the latter statue will 
take place in September 1896. The Committee invites all 
scientific men interested in Lobachevsky’s work to attend the 
unveiling; all persons accepting this invitation will be con- 
sidered the guests of the city and university of Kazan. 

It is also intended to use a small part of the Lobachevsky 
fund to issue a new edition of his works, which will soon be- 
come necessary. 

Finally, the Physico-Mathematical Society of Kazan has 
decided to form a Bibliotheca Lobatchevskiana, and requests 
all workers in non-Euclidean geometry to send copies of their 
works or papers to this collection. A list of the volumes now 
on hand (about 80) is appended to the “ Compte rendu.” 


Besrpes the prize problem (for 1897) reported in the BuLiE- 
TIN OF THE AMERICAN MATHEMATICAL Society, Vol. I (1894), 
p. 22, the Prince JABLonowski Society of Leipsic offers 
another prize of 1000 marks, to be awarded in 1899, for the 
treatment of the following subject: 

“ Considering that the theory of Newtonian forces as devel- 
oped by Poisson, Green, Gauss, Dirichlet, and others, forms 
one of the most important branches of mathematical physics, 
that, however, there are various objections to the assumption 
that Newton’s law must hold in all cases (especially for very 
small and very large distances), it appears desirable that the 
theory of actions at a distance should be developed with 
greater generality, other laws of action at a distance than 
Newton’s being taken into consideration. 

“An attempt of this kind was made by Green, as early as 
in 1832, in his ‘Mathematical investigations concerning the 
laws of equilibrium of fluids analogous to the electric fluid’ 
(Transactions of the Cambridge Philosophical Society, 1833, 
reprinted in G. Green, Mathematical Papers, pp. 117-183). 
Forces acting according to the general law 1/7", instead of 


| 
| 
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Newton’s law 1/r*, are here taken into consideration. This 
important and acute investigation suggests, however, various 
questions that still remain unsettled or obscure; to some of 
these Green himself calls attention. Moreover, certain prob- 
lems, for instance, the problem of electrical distribution on 
an ellipsoid or on a circular plate, are only briefly touched 
upon by Green. The Society desires, therefore, that the prob- 
lems merely indicated by Green in this paper should be actually 
solved, and any omissions and obscurities occurring in the paper 
should be supplied and cleared up.” 

The manuscripts should be in the hands of the Secretary, 
Professor F. Zirkel (Leipsic, Thalstrasse 33), by the 30th of 
November, 1898. 


Errata. On page 3, line 25, of this volume of the Bur- 
LETIN (October No.) the formula 


y = 2rs(p? + + — g’) 
should be written thus: 


y= 2rs(p?+ 7) +28 ¢). 
On page 9, line 9 from the bottom, for the word jive the 
word four should be substituted. 


NEW PUBLICATIONS. 
HIGHER MATHEMATICS. 


ABHANDLUNGEN zUR GESCHICHTE DER MatuemamTix. Heft VII: J. L. 
He1serG, Ptolemeus de analemmate; M. Currze, Ein Beitrag zur 
Geschichte der Algebra in Deutschland im fiinfzehnten Jahrhundert ; 
M. Curtze, Die Handschrift Nr. 14836 der Kénigl. Hof- und Staats- 
bibliothek zu Miinchen; F. Rupro, Eine Autobiographie von Gott- 
hold Eisenstein, mit erginzenden biographischen Notizen ; A. Hurwitz 
und F. Rupro, Briefe von G. Eisenstein an M. A. Stern; A. Wassi1- 
seF, Nikolaj Iwanowitsch Lobatschefskij, Rede, gehalten bei der 
feierlichen Versammlung der Kaiserlichen Universitat Kasan am 22. 
Oktober 1893, aus dem Russischen iibersetzt von F. Engel. (Sup- 
plement zum 40sten Jahrgang der Zeitschrift fiir Mathematik und 
Physik.) Leipzig, Teubner, 1895. 8vo. 244pp. 1 plate. 


MK. 7.60 
Batt (W.W.R.). A primer of the history of mathematics. London and 
New York, Macmillan, 1895. 12mo. 162 pp. Cloth. $0.65 


Botyat (J.). Lascience absolue de l’espace, indépendante de la vérité ou 
de la fausseté de l’axiome XI d’Euclide (que l’on ne pourra jamais 
établir a priori); suivi de la quadrature géométrique du cercle dans 
le cas de la fausseté de l’axiome XI. Traduit de l’allemand par J. 
Hoiiel. Nouvelle édition. Paris, Hermann, 1896. 8vo. Fr. 4.00 


| 
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Bosscua (J.). Christian Huygens. Rede, gehalten am 200sten Gedicht- 
nistage seines Lebensendes. Mit erlauternden Anmerkungen vom 
Verfasser. Aus dem Hollandischen iibersetzt von T. W. Engelmann. 
Leipzig, Engelmann, 1895. 8vo. 78 pp. Mk. 1.60 


Brany (E.). Exercices méthodiques de calcul intégral. Paris, Gauthier- 
Villars, 1895. 8vo. 8 and 302 pp. Fr. 5.00 


Brer.ty (W.E.). Problems in differential calculus, supplementary to a 
treatise on differential calculus. Boston, Ginn, 1895. 12mo. 8 and 
72 pp. Cloth. 


Curtze (M.). See ABHANDLUNGEN zuR GESCHICHTE DER MATHEMATIK. 


Darsoux (G.). Sur une classe remarquable de courbes et de surfaces 
algébriques et sur la théorie des imaginaires. 2¢ tirage. Paris, Her- 
mann, 1896. 8vo. 352 pp. Fr. 12.00 


Demartres., Cours d’analyse de la Faculté des sciences de Lille. 3¢ 
partie : Equations différentielles et aux dérivées partielles. Paris, 
Hermann, 1895. 4to. (Lithogr.) Fr. 8.00 


Dickson (L. E.). A quadratic Cremona transformation defined by a 
conic. (Rendiconti del Circolo matematico di Palermo, vol. 9, fasc. 
5, pp. 256-259.) 1895. 8vo. 


Exuiotr (E. B.). An introduction to the algebra of quantics. (Claren- 
don Press series.) London and New York, Macmillan, 1895. 8vo. 
15s. 


Encet (F.). See ABHANDLUNGEN zUR GESCHICHTE DER MATHEMATIK, 
and WassiLeErF (A.). 
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